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a b s t r a c t
Let G′+ = G′(Rd+) stand for Roumieu ultradistributions with supports in the positive cone
Rd+. ThroughoutP (G′+) denotes the algebra of continuous scalar polynomials on the space
G′+. We investigate the dual pair
〈
P ′(G′+) | P (G′+)
〉
generated by the algebraP (G′+) and by
its strong dual P ′(G′+). Properties of the polynomially extended operational calculus and
the semigroups of shifts along the cone Rd+ are considered.
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1. Introduction
We will denote by G′+ = G′(Rd+) the space of Roumieu ultradistributions which are supported by the positive cone Rd+.
LetP (G′+) stand for the space of continuous scalar polynomials on the G′+. Our purpose is to investigate some properties of
the topological algebra P (G′+) as well as properties of its strong dual P ′(G′+). The algebra G′+ is topologically embedded in
P ′(G′+), hence P ′(G′+) can be considered as a polynomial extension of the algebra of Roumieu ultradistributions.
We give a specification for the dual pair
〈
P ′(G′+) | P (G′+)
〉
by means of the pair
〈
P′(G′+) | P(G′+)
〉
consisted of the
corresponding convolution topological algebras of coefficients. It is showed for a general case of nuclear (F) and (DF) spaces
in Section 2, which has a preliminary character.
Theorem 3.1 describes the generalized differentiations in P ′(G′+) using the above-mentioned duality. Differentiation
operators generate the semigroups of shifts along the cone Rd+. The convolution algebra G′+ can be isomorphically
represented as the commutant of these semigroups, using the cross-correlation (see Theorem 4.1). Finally, in Section 5
we construct a polynomial extension of Laplace transformation and describe some of its properties.
Algebras of ultradistributions with the symmetric tensor operation of multiplication were used in physics (see
e.g. [1]). It was an incitement to research the problems connected with the polynomially extended cross-correlation of
ultradistributions and the corresponding operational calculus.
There are other known and widely used infinite-dimensional generalizations of classical distribution spaces which are
based on modern Gaussian analysis methods as well as the concept of Gelfand triple (see e.g. [2–4]).
Note that problems connected with analyticity on classical spaces of distributions were investigated in [5].
2. A polynomial duality for nuclear (F) and (DF) spaces
For polynomial operators on vector spaces we refer to [6]. Let X, Y be locally convex (in short LC) complex vector spaces.
We will denote by L (nX, Y ) the space of all continuous n-linear operators, which are defined on the Cartesian nth power
nX := X × · · ·× X with the topology b of uniform convergence on bounded sets in X . FurtherLs(nX, Y ) stands for the set of
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symmetric n-linear operators. Write L (X, Y ) := L (1X, Y ) and L (X) := L (X, X). Throughout X ′ := L (X,C) denotes the
strong dual of X . We will denote: by [[T ]] the commutant of operator T ∈ L (X); by 〈f | x〉 the value of f ∈ X ′ at x ∈ X; by
A′ ∈ L (Y ′, X ′) the adjoint operator of A ∈ L (X, Y ).
In what follows,⊗p (resp.,p) denotes a completion of algebraic tensor product⊗ (resp., symmetric tensor product)
in the projective tensor LC topology. Consider the projective tensor product⊗np X ′ (resp., symmetricnp X ′) of n copies of the
strong dual X ′. The symmetrization projector
sn:⊗np X ′ 3 f1 ⊗ · · · ⊗ fn 7→ f1  · · ·  fn :=
1
n!
∑
s
fs(1) ⊗ · · · ⊗ fs(n) ∈ npX ′,
where the sum is taken over all permutations s of the set {1, . . . , n}, is continuous. Analogously, the projective tensor product
⊗np X and the symmetric productnp X may be considered for the space X . Further T1 ⊗ · · · ⊗ Tn and⊗n T := T ⊗ · · · ⊗ T
with T , Tj ∈ L (X, Y ) denotes the tensor product of operators, defined as (T1⊗ · · ·⊗ Tn)(x1⊗ · · ·⊗ xn) = T1x1⊗ · · ·⊗ Tnxn
with xj ∈ X . Clearly, T1 ⊗ · · · ⊗ Tn ∈ L (⊗np X,⊗np Y ).
In what follows, n∈Z+(np X) denotes the LC Cartesian power and
⊕
n∈Z+(np X) the LC direct sum of the symmetric
productsnp X . Analogously, we may write such the Cartesian product and direct sum for the dual X ′.
To define the LC spacePn(X) of n-homogeneous polynomials on X we use the canonical topological linear isomorphisms
Pn(X) h Ls(nX,C) h (np X)′ described in [6]. Namely, consider the embeddings
⊗n: nX 3 (x1, . . . , xn) 7−→ x1 ⊗ · · · ⊗ xn ∈ ⊗np X,
∆n: X 3 x 7−→ (x, . . . , x) ∈ nX .
Then the isomorphism (np X)′ 3 pn 7−→ Pn := pn ◦ ⊗n ◦∆n ∈ Pn(X) defines an n-homogeneous polynomial on X , as the
composition
Pn(x) = pn(⊗n x), ⊗n x := x⊗ · · · ⊗ x = (⊗n ◦∆n)x, x ∈ X .
We equip Pn(X) with the topology b of uniform convergence on bounded sets in X . Set P0(X) = C. The space P (X) of
continuous polynomials on X is defined as the complex linear span of all Pn(X) endowed with the topology b. The space
P (X) is a topological algebra with the scalar unit 1 and the pointwise multiplication
P(x) · Q (x) =
∑
n∈Z+
n∑
m=0
Pm(x) · Qn−m(x), x ∈ X .
Let us denote the strong duals by P ′(X), P ′n(X). We define similar spaces P (X ′), Pn(X ′) and their duals P ′(X ′), P ′n(X ′)
for X ′.
From now on we will assume that X is a LC nuclear (F) or (DF) space.
Further, we will use the following known facts without a special mention. If X is a (F) space then its strong dual X ′ is
a (DF) space, if X is a (DF) space then its strong dual X ′ is a (F) space. Each nuclear (F) or (DF) space X is reflexive [7,
Th 4.4.12] and its strong dual X ′ is nuclear [8, Th 9.6], see also [17]. For (F) or (DF) spaces the nuclear property is
preserved for subspaces, separable factor spaces, completions, countable direct sums, Cartesian products. Moreover, a LC
space X is nuclear iff X ⊗p Y = X ⊗e Y for any LC space Y [7, Th 5.4.1], where ⊗e denotes a completion in the injective
tensor LC topology. If X, Y are nuclear then X ⊗p Y is also nuclear [8, Th 3.7.5] and the topological linear isomorphism
(X ⊗p Y )/[N (A)⊗pN (B)] h [X/N (A)]⊗p[Y/N (B)] is true for any operators A ∈ L (X) and B ∈ L (Y ) with the kernels
N (A) andN (B) respectively [9, Th 3].
Proposition 2.1. There exist the canonical linear topological surjective isomorphisms Υ X ′n , Υ
X
n and their linear extensions
ΥX ′ , ΥX
Υ X
′
n : Pn(X) := np X ′ 3 fn 7−→ Fn := (fn ◦ ⊗n ◦∆n) ∈ Pn(X),
ΥX ′ : P′(X ′) :=
n∈Z+
(np X ′) 3 f = n∈Z+ fn 7−→ F = n∈Z+ Υ
X ′
n (fn) ∈ P ′(X ′),
Υ Xn : Pn(X
′) := np X 3 qn 7−→ Qn := (qn ◦ ⊗n ◦∆n) ∈ Pn(X ′),
ΥX : P(X ′) :=
⊕
n∈Z+
(npX) 3 q =
⊕
n∈Z+
qn 7−→ Q =
∑
n∈Z+
Υ Xn (qn) ∈ P (X ′).
The spaces Pn(X), P ′(X ′) are nuclear, reflexive and the following equalities for dualities are true
〈Pn(X) | Pn(X ′)〉 = 〈np X ′ | np X〉,〈
P ′(X ′) | P (X ′)〉 = 〈
n∈Z+
(np X ′)
∣∣∣∣ ⊕
n∈Z+
(npX)
〉
.
Besides, Υ X
′
n = [(Υ Xn )′]−1, ΥX ′ = [(ΥX )′]−1.
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If we suppose the continuous dense embedding X # X ′, then the following continuous dense embeddings are true
Pn(X ′) # Pn(X), P (X ′) # P ′(X ′).
Proof. Using the topological isomorphism np X ′ h (np X)′, which is true for a nuclear (F) or (DF) space X [8, Th 9.9], we
obtain the first isomorphism Υ X
′
n . Therefore, the duality
〈
n(np X ′) |
⊕
n(np X)
〉
, defined by the formula
F(x) =
〈
n∈Z+
fn
∣∣∣∣ ⊕
n∈Z+
(⊗n x)
〉
=
∑
n∈Z+
Fn(x), Fn(x) = 〈fn | ⊗n x〉, (1)
with x ∈ X , gives the following isomorphism
ΥX ′ :
n∈Z+
(np X ′) 3 f = n∈Z+ fn 7−→ F = ΥX ′(f ) = nΥ
X ′
n (fn) ∈ P (X),
acting as a linear extension of the mapping Υ X
′
n :np X ′ 7−→ Pn(X).
Replacing X by X ′ in the previous paragraph, we immediately obtain the topological isomorphism np X
Υ Xnh Pn(X ′).
Therefore,
⊕
n(np X)
ΥXh P (X ′).
Applying the well-known [8, 4.4] duality
〈
n(np X ′) |
⊕
n(np X)
〉
, we obtain the isomorphisms
P ′(X ′) h
[⊕
n∈Z+
(npX)
]′
h
n∈Z+
(np X ′) h n∈Z+ Pn(X).
Hence, the previous duality may be transformed to
〈
P ′(X ′) | P (X ′)〉.
The canonical embedding
⊕
n(np X ′) ⊂ n(np X ′) implies
P (X) h
⊕
n∈Z+
(npX ′) ⊂ n∈Z+(
n
p X
′) h P ′(X ′).
Using that
⊕
n(⊗n x) is a total subset in
⊕
n(np X), the mapping ΥX can be uniquely linearly extended to ΥX ′ by means of
the formula (1).
Let us suppose the dense continuous embedding X # X ′. Then the embeddings
⊕
n(np X) #
⊕
n(np X ′) and⊕
n(np X ′) # n(np X ′) imply that the following dense continuous embeddings
P (X ′) h
⊕
n∈Z+
(npX) #
⊕
n∈Z+
(npX ′) # n∈Z+(
n
p X
′) h P ′(X ′)
are also true. The rest follows from the previous remarks. 
Remark 2.2. It follows from (1) that elements of P ′(X ′) can be interpreted as polynomials on a space X .
Proposition 2.3. (i) The LC space P ′(X ′) is a completion in the strong topology of a set of finite type polynomials∑
n∈Z+
∑
fj∈X ′ 〈f1 ⊗ · · · ⊗ fn | ⊗n x〉 (as functions of the variable x ∈ X). The dual space X ′ is closed in P ′(X ′).
(ii) The LC space P (X ′) is a completion (with respect to the topology of uniform convergence on bounded sets in X ′) of a set of
finite type polynomials
∑
n∈Z+
∑
xj∈X 〈⊗n f | x1 ⊗ · · · ⊗ xn〉 (as functions of the variable f ∈ X ′). The space X is closed in
P (X ′).
(iii) The direct sum P(X ′) with a dense subset of elements q′,′′ = ⊕n q′,′′n , (q′,′′n ∈ np X) is a LC algebra with respect to the
convolution
q′ ? q′′ :=
⊕
n∈Z+
n∑
m=0
q′m  q′′n−m
and the mapping ΥX : {P(X ′), ?} −→ {P (X ′), ·} acts as an isomorphism between convolution and multiplicative algebras.
Proof. The statements (i) and (ii) follow from the isomorphisms P ′(X ′) h n(np X ′) and P (X ′) h
⊕
n(np X), established
by Proposition 2.1, with the help of additional arguments that the spaces np X ′ and np X can be approximated by linear
combinations of elements f1  · · ·  fn and x1  · · ·  xn, respectively (see [9]). For (iii) it is enough to check up that the
linear isomorphism ΥX is also algebraic. For all q′n ∈ np X , q′′k ∈ kp X we have q′n q′′k ∈ (np X) (kp X) ⊂ n+kp X . Hence,
q′m  q′′n−m ∈ np X and〈⊗m f | q′m〉 · 〈⊗n−m f | q′n−m〉 = 〈⊗n f | q′m  q′′n−m〉 .
So, ΥX is the required algebraic isomorphism. 
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Let us suppose the continuous dense embedding X # X ′. Then the convolution in
{⊕
n∈Z+(np X), ?
}
can be extended
to the convolution
f ? g :=
n∈Z+
(
n∑
m=0
fn  gn−m
)
in the Cartesian product
n∈Z+
(np X ′) =
{
f = nfn: fn ∈ np X ′
}
, which also is a topological convolution algebra.
Proposition 2.4. The multiplication in P (X ′) can be uniquely extended to the multiplication in P ′(X ′), given by the formula
(P · Q )
[⊕
n∈Z+
(⊗n x)
]
=
∑
n∈Z+
n∑
m=0
Pm(x) · Qn−m(x), x ∈ X
with P = nPn, Q = nQn ∈ P ′(X ′), where Pn,Qn ∈ Pn(X). Thus, P ′(X ′) is a topological algebra and ΥX uniquely extends to
the following isomorphism between convolution and multiplicative algebras
{P′(X ′), ?} ΥX ′h {P ′(X ′), ·}.
Proof. Proposition 2.1 together with Proposition 2.3 immediately imply that the extended mapping ΥX ′ : n(np X ′) 3 f =
nfn 7−→ F = nFn ∈ P ′(X ′) establishes the required isomorphism of algebras. 
We will consider the subalgebras of matrix diagonal operators of the form
LΓ
[
P(X ′)
] = L [P(X ′)]⋂[{L [Pn(X ′)] : n = m0 : n 6= m
]
n,m∈Z+
.
Using the isomorphism ΥX we can identify the appropriate operator algebras, namely L [P(X ′)] h L [P (X ′)], LΓ [P(X ′)] h
LΓ [P (X ′)]. We denote the commutant in LΓ (·) of an operator T ∈ LΓ (·) by [[T ]]Γ and use analogous notation for other
isomorphisms and operator algebras.
3. A polynomial extension of Roumieu ultradistributions
Consider the d-dimensional positive cone Rd+ = [0,∞) × · · · × [0,∞). Let intRd+ = (0,∞) × · · · × (0,∞). On the
set of vectors ν = (ν1, . . . , νd) ∈ intRd+ we put the order {ν ′ ≺ ν ′′: ν ′1 < ν ′′1 , . . . , ν ′d < ν ′′d }. For any a = (a1, . . . , ad),
b = (b1, . . . , bd) ∈ Rd let [a, b] := [a1, b1] × · · · × [ad, bd]. Fix β > 1 and for any ν ∈ intRd+ and [a, b] ⊂ Rd we define the
Banach space Gν[a,b](Rd) of complex smooth functions ϕ with suppϕ ⊆ [a, b] and the norm
‖ϕ‖Gν[a,b] := sup
τ∈[a,b]
sup
k∈Zd+
|∂kϕ(τ)|
νkkkβ
,
with k = (k1, . . . , kd), τ = (τ1, . . . , τd), kkβ = kk1β1 · . . . · kkdβd , νk = νk11 · . . . · νkdd , ∂k = ∂k11 · · · ∂kdd , ∂kll := (−i)kl ∂
kl
∂kl τl
,
l = 1, . . . , d.
The space G(Rd) of Gevrey ultradifferentiable functions on Rd with compact supports can be defined as the inductive
limit
G(Rd) = ind lim
−a,b,ν→∞
Gν[a,b](R
d), (ν →∞ iff νl →∞,∀l; similarly for − a, b).
As it is well known [10–12], G(Rd) is a nuclear (DF) space and is a topological algebra with respect to the pointwise
multiplication.
Let us denote the strong dual of G(Rd) by G′(Rd). Elements of G′(Rd) are called (see [13]) by Roumieu ultradistributions
onRd. Let G′(Rd+) stand for the closed subspace in G′(Rd) of ultradistributions with supports inRn+. If [G′(Rd+)]⊥ denotes the
orthogonal complement of G′(Rd+) by the duality
〈
G′(Rd) | G(Rd)〉 then the factor space
G(Rd+) := G(Rd)/[G′(Rd+)]⊥ =
{
ϕ := ϕ + [G′(Rd+)]⊥:ϕ ∈ G(Rd)
}
is dual of G′(Rd+). The multiplication operator
Θ:G(Rd) 3 ϕ 7−→ θRd+ϕ ∈ G′(Rd+),
where θRd+ stands for the characteristic function of cone R
d+, has the kernel [G′(Rd+)]⊥. So, for its codomain Θ[G(Rd)] the
topological linear isomorphism
G(Rd+) h Θ[G(Rd)]
is true. Thus, any element ϕ ∈ G(Rd+) can be interpreted as a regular ultradistribution, belonging to G′(Rd+).
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From duality reasons it follows that G′(Rd+) is a nuclear (F) space and G(Rd+) is a nuclear (DF) space. As it is known [14],
G′(Rd+) is a topological algebra with respect to the convolution
(f , g) 7−→ f ∗ g, f , g ∈ G′(Rd)
with the convolution unit Rd 3 (τ1, . . . , τd) 7−→ δ(τ1) · · · δ(τd), where δ is the Dirac function on R. Since [G′(Rd+)]⊥ is a
closed ideal in G(Rd), the factor space G(Rd+) is also a topological algebra andΘ is an algebraic homomorphism.
The ideal [G′(Rd+)]⊥ of the algebra G(Rd) is invariant with respect to shifts along the Rd+, hence for any l = 1, . . . , d the
1-parameter family of operators
Ttl :ϕ(τ1, . . . , τd) 7−→ Θϕ(τ1, . . . , τl−1, τl + tl, τl+1, . . . , τd),
with tl ≥ 0 and (τ1, . . . , τd) ∈ Rd+ forms a semigroup Tl: 0 ≤ tl 7−→ Ttl on the factor algebra G(Rd+).
The ideal [G′(Rd+)]⊥ is also invariant with respect to the partial differentiations ∂l (l = 1, . . . , d), hence ∂l are defined on
the factor algebra G(Rd+). Note that operator ∂l is a generator of semigroup Tl.
Let T ′l : 0 ≤ t 7−→ T ′tl and ∂ ′l = −∂l be the adjoint operators with respect to the duality
〈
G′(Rd+) | G(Rd+)
〉
for all
l = 1, . . . , d.
In what follows, we will use the following short notations
G+ := G(Rd+) and G′+ := G′(Rd+).
Note that G+ is a nuclear (DF) space and G′+ is a nuclear (F) space. Moreover, the dense continuous embedding G+ # G′+ is
true. Hence,we can consider the space of polynomialsP (G′+) and its dualP ′(G′+) forwhich thedense continuous embedding
P (G′+) # P ′(G′+) also is true via Proposition 2.1. Clearly, if we put X = G+ and X ′ = G′+ then all assertions of the previous
section in the case of pair
〈
P (G′+) | P ′(G′+)
〉
are valid.
Theorem 3.1. (i) The 1-parameter families0(T ′l ): 0 ≤ tl 7−→ 0(T ′tl) (with l = 1, . . . , d) of linear operators on the convolution
algebra P(G′+)
ΥG+h P (G′+), which are defined as[
ΥG+0(T
′
tl)Υ
−1
G+
]
Q (f ) = Q (T ′tl f ), Q =
∑
n∈Z+
Qn ∈ P (G′+), f ∈ G′+
where Qn = qn ◦ ⊗n ◦∆n and Υ −1G+ Qn = qn ∈ np G+ are equicontinuous C0-semigroups of algebraic automorphisms.
Their generators d0(∂ ′l ) belong to the subalgebraLΓ [P(G′+)] and on any element q =
⊕
n qn with Υ
−1
G+ Q = q act as
d0(∂ ′l )q =
⊕
n∈Z+
n∑
j=1
n
j ∂lqn,
n
j ∂l := ⊗j−1 1+ ⊗ ∂l⊗n−j 1+.
Here 1+ denotes the identity operator inL (G+).
(ii) The families 0(Tl): 0 ≤ t 7−→ 0(Ttl) (l = 1, . . . , d) of linear operators on the convolution algebra P′(G′+)
ΥG′+h P ′(G′+),
which are defined as[
ΥG′+0(Ttl)Υ
−1
G′+
]
P(ϕ) = P(Ttlϕ) P = n∈Z+ Pn ∈ P
′(G′+), ϕ ∈ G+
with Pn = pn ◦ ⊗n ◦∆n and Υ −1G′+ Pn = pn ∈ 
n
p G
′+, are equicontinuous C0-semigroups of algebraic automorphisms. Their
generators d0(∂l) belong to the subalgebraLΓ
[
P′(G′+)
]
and act as
d0(∂l)p = −
n∈Z+
n∑
j=1
n
j ∂
′
l pn, p = n∈Z+ pn,
n
j ∂
′
l := ⊗j−1 1′+ ⊗ ∂ ′l ⊗n−j 1′+.
Here 1′+ denotes the identity operator inL (G′+).
(iii) The generators d0(∂ ′l ) (l = 1, . . . , d) are continuous differentiations on the convolution algebra P(G′+), i.e.,
d0(∂ ′l )(p ? q) = [d0(∂ ′l )p] ? q+ p ? [d0(∂ ′l )q] (2)
for any p, q ∈ P(G′+) (similarly, for d0(∂l) on P′(G′+)).
(iv) The generators d0(∂l) and d0(∂ ′l ) satisfy the relations
〈d0(∂l)p | q〉 = −
〈
p | d0(∂ ′l )q
〉
, p ∈ P′(G′+), q ∈ P(G′+).
Proof. (i) From [12] it follows the topological isomorphism G+ h ⊗dp G(R1+). Hence,np G+ h np[⊗dp G(R1+)].
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The topology of Gµl[0,bl](R
1+) := Gµl[al,bl](R1)/{[G′(R1+)]⊥
⋂
G
µl
[al,bl](R
1)} (l = 1, . . . , d) is defined by the norms
‖ϕ‖
G
µl[0,bl]
= sup
τl∈[al,bl]
sup
kl∈Z+
|∂klϕ(τl)|
µ
kl
l k
βkl
l
.
The space G(R1+) h ind limbl,µl→∞G
µl
[0,bl](R
1+) is an inductive limit with the compact injections G
µl
[0,bl](R
1+) # G
νl
[0,b′l ]
(R1+),
where µl < νl, bl < b′l [11]. Using the known (see [9]) commutative property of inductive limits with projective tensor
products as well as the continuity and openness of sn, we obtain
np G+ h np
[
ind lim
b1,µ1→∞
G
µ1
[0,b1](R
1
+)⊗p · · · ⊗p ind limbd,µd→∞G
µd
[0,bd](R
1
+)
]
h ind lim
b,µ→∞
np
[
G
µ1
[0,b1](R
1
+)⊗p · · · ⊗p Gµd[0,bd](R1+)
]
. (3)
Due to the polarization formula the set of functions
qn: (τ 11 , . . . , τ
1
d , . . . , τ
n
1 , . . . , τ
n
d ) 7−→
n∏
i=1
[
ϕ1(τ
i
1) · . . . · ϕd(τ id)
]
, (4)
with ϕl ∈ Gµl[0,bl](R1+) for any l = 1, . . . , d and bl > 0, is total innp G+.
Proposition 2.1 implies that we have[
ΥG+0(T
′
tl)Υ
−1
G+
]
Q (f ) =
∑
n∈Z+
〈⊗n(T ′tl f ) | qn〉 = ∑
n∈Z+
〈⊗n f | (⊗n Ttl)qn〉
for any qn ∈ np G+. Let us consider the semigroup⊗n Ttl on a total set (4). Since τl − tl ∈ supp(Ttlϕl) iff τl ∈ suppϕl, thus
supp(Ttlϕl) = (suppϕl − tl)
⋂
[0,∞) with tl ≥ 0.
Hence, the following inequality
‖Ttlϕl‖Gµl[0,bl] ≤ ‖ϕl‖Gµl[0,bl] for any ϕl ∈ G
µl
[0,bl](R
1
+), tl ≥ 0
is true.
Now, the regularity of inductive limit (3) implies that the semigroup ⊗n Ttl is equibounded and, as a consequence, it is
equicontinuous onnp G+. The last conclusion uses barreledness ofnp G+ and the uniform boundedness Banach–Steinhaus
principle. As a result, each semigroup⊗n Ttl is equicontinuous on (np G+) for all n (see e.g. [15]).
The smoothness of ∂kll Ttlqn with kl ∈ Z+ by the variable tl ≥ 0 allows to apply the Lagrange theorem, that gives
the C0-property for the semigroup ⊗n Ttl on np G+. Then the equicontinuity and C0-property for the semigroup 0(T ′tl) on
P(G′+) h
⊕
n(np G+) directly follows from properties of direct sum topology.
From the inequality (kl + 1)(kl+1)β ≤ 2(kl+1)βkklβl it follows
‖∂lϕl‖Gνl[0,bl] ≤ νl supkl∈Z+
sup
τl∈[0,bl]
|∂kl+1l ϕl(τl)|
(νl2−β)kl+1(kl + 1)(kl+1)β ≤ νl‖ϕl‖G
µl+ [0,bl]
with µl = νl2−β . So, nj ∂l ∈ L (np G+) and
∂l
(
⊗n Ttl
n∏
i=1
[
ϕ1(τ
i
1) . . .ϕd(τ
i
d)
]) = n∑
j=1
(⊗n Ttl) nj ∂l n∏
i=1
[
ϕ1(τ
i
1) . . .ϕd(τ
i
d)
]
.
It remains to apply Proposition 2.3(ii) about approximation of every element q ∈⊕n(np G+) by a linear span of elements
(4).
The assertion (ii) follows from Proposition (i) by application of the duality
〈
n(np G′+) |
⊕
n(np G+)
〉
.
(iii) Let dfQ (∂ ′l f ) be the Fréchet derivative of the polynomial Q ∈ P (G′+), which is calculated at the point f ∈ G′+ in the
direction ∂ ′l f .
The generator d0(∂ ′l ) of 0(T
′
l ) satisfies the following equality dfQ (∂
′
l f ) =
[
ΥG+d0(∂
′
l )Υ
−1
G+
]
Q (f ), since[
ΥG+d0(∂
′
l )Υ
−1
G+
]
Q (T ′t f ) =
d
dtl
Q (T ′tl f )
= dT ′tl fQ
(
d
dtl
T ′tl f
)
= dT ′tl fQ (∂
′
l Ttl f ),
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ΥG+d0(∂
′
l )Υ
−1
G+
]
Q (f ) =
[
ΥG+d0(∂
′
l )Υ
−1
G+
]
Q (T ′tl f )|tl=0
= dT ′tl fQ (∂lT
′
tl f )|tl=0 = dfQ (∂ ′l f ).
The Leibniz property[
ΥG+d0(∂
′
l )Υ
−1
G+
]
(P · Q )(f ) =
([
ΥG+d0(∂
′
l )Υ
−1
G+
]
P · Q
)
(f )+
(
P ·
[
ΥG+d0(∂
′
l )Υ
−1
G+
]
Q
)
(f )
for all P,Q ∈ P (G′+) arises from the formulae above. Now (2) follows from Proposition 2.4(i). For d0(∂l) similarly.
The assertion (iv) immediately follows from the dual relations
∂ ′l = −∂l,
〈
pn
∣∣∣∣∣ n∑
j=1
n
j ∂lqn
〉
= −
〈
n∑
j=1
n
j ∂
′
l pn
∣∣∣∣∣ qn
〉
with qn ∈ np G+ and pn ∈ np G′+. 
Corollary 3.2. (i) The 1-parameter families T ′l : 0 ≤ tl 7−→ T ′tl of algebraic automorphisms on multiplication algebra P (G′+),
which are defined as
T ′tlQ (f ) = Q (T ′tl f ), Q ∈ P (G′+), f ∈ G′+,
are equicontinuous C0-semigroups with the generators
dfQ (∂ ′l f ) =
[
ΥG+d0(∂
′
l )Υ
−1
G+
]
Q (f ).
(ii) The 1-parameter families Tl: 0 ≤ tl 7−→ Ttl of algebraic automorphisms on the multiplicative algebra P ′(G′+), which are
defined by the formula
TtlP(ϕ) = P(Ttlϕ), P ∈ P ′(G′+), ϕ ∈ G+
are equicontinuous C0-semigroups with the generators
df P(∂lϕ) =
[
ΥG′+d0(∂l)Υ
−1
G′+
]
P(ϕ).
Remark 3.3. We can call elements of P ′(G′+) polynomial ultradistributions on Rd+. Since G′+ ⊂ P ′(G′+), elements of G′+ can
be understood as linear ultradistributions.
4. A cross-correlation
We denote the tensor product of semigroups Ttl by
Tt = Tt1 ⊗ · · · ⊗ Ttd , t = (t1, . . . , td) ∈ Rd+.
Clearly, T+:Rd+ 3 t 7−→ Tt ∈ L (G+) is an equicontinuous d-parameter C0-semigroup. Let T ′+:Rd+ 3 t 7−→ T ′t ∈ L (G′+) be
the adjoint d-parameter semigroup with respect to the duality
〈
G′+ | G+
〉
.
Via Theorem 3.1 we can define the map 0(T ′+)q:Rd+ 3 t 7−→ 0(T ′t )q ∈ P(G′+) such that for any q =
∑
n∈Z+ qn ∈ P(G′+)
with qn ∈ Pn(G′+) and n ∈ Z+
0(T ′+)qn:R
d
+ 3 t 7−→ (⊗n Tt)qn.
Let us approach qn by linear combinations of elements (4). Then apply the known fact (see [12]) that any Gevrey smooth
function with values in a nuclear space belongs to the complete injective tensor product. Finally we will obtain that the
Pn(G′+)-value function ∂kTtqn, (k ∈ Zn+) of the variable t ∈ Rd+ belongs to Pn(G′+)⊗e G+. Via the nuclear property, we have
Pn(G′+)⊗e G+ h Pn(G′+)⊗p G+. Thus,
0(T ′+)q ∈
⊕
n∈Z+
[
Pn(G
′
+)⊗p G+
]
.
Theorem 4.1. The mapping, called the cross-correlation,
K:G′+ 3 f 7−→ f~ ∈ LΓ
[
P(G′+)
]
, f ~ q := 〈f | 0(T ′+)q〉 ∈ P(G′+)
is an algebraic topological isomorphism from the convolution algebra G′+ onto the commutant [[0(T ′+)]]Γ of the group 0(T ′+) in
LΓ [P(G′+)] and has the properties
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(f ∗ g) ~ q = f ~ (g ~ q),
d0(∂ ′l )(f ~ q) = f ~ d0(∂ ′l )q = d0(∂l)f ~ q,
d0(∂ ′l ) = ∂lδ~
with f , g ∈ G′+ and l = 1, . . . , d. Moreover, the identity operator in the spaceLΓ [P(G′+)] has the form (⊗d δ)~.
Proof. For any qn ∈ np G+ and f ∈ G′+ we have 〈f | (⊗n T+)qn〉 ∈ np G+, since (⊗n T+)qn ∈ np G+⊗p G+. Each narrowed
mapping
Kn:G′+ 3 f −→ f ~ |Pn(G′+) ∈ L
[
Pn(G
′
+)
]
with f ~ qn = 〈f | (⊗n T+)qn〉 is injective (in view of injectivity of T+) and it acts as an algebraic isomorphism. In fact, the
convolution in G′+ can be defined by the duality 〈G′(Rd) | G(Rd)〉 as follows
〈f ∗ g | ϕ〉 = 〈f (t) | ξ(t) 〈g(s) | η(s)ϕ(t + s)〉〉
for any ϕ ∈ G(Rd), where the functions ξ, η ∈ G(Rd) are equal to 1 on suppϕ and to 0 outside of a neighborhood of suppϕ
(see e.g. [14,16]). Then we obtain
(f ∗ g) ~ qn =
〈
f (t) | ξ(t) 〈g(s) | η(s)(⊗n Tt+s)qn〉〉
= 〈f (t) | ξ(t)g ~ [η(s)(⊗n Tt+s)qn]〉 = f ~ (g ~ qn).
As a consequence, (⊗d δ)~ is the unit inL [Pn(G′+)]. It follows that
∂lδ ~ qn = 〈∂lδ | (⊗n T+)qn〉
= −i ∂
∂tl
(⊗n Tt1,...,td) qn|t=0 = − n∑
j=1
n
j ∂lqn.
Via Theorem 3.1 we obtain ∂lδ ~ q = d0(∂ ′l )q. Replacing qn by
∑ n
j ∂lqn in the expression f ~ qn = 〈f | (⊗n T+)qn〉we obtain
f ~
(∑
n
j ∂l
)
qn =
〈
f
∣∣∣∑ nj ∂l (⊗n T+)qn〉
=
∑
n
j ∂l
〈
f | (⊗n T+)qn
〉 =∑ nj ∂l(f ~ qn).
Hence, f ~ |Pn(G′+) ∈ [[
∑ n
j ∂l]], ∀l = 1, . . . , d, ∀n, i.e., f~ ∈ [[0(T ′+)]]Γ .
Now we will prove that the codomain of Kn equals the commutant [[⊗n Tt ]] in L [Pn(G′+)]. Let K ∈ L [Pn(G′+)] be an
operator for which[
K(⊗n Tt)
]
qn =
[
(⊗n Tt)K
]
qn.
Let us show, that there exists a functional f ∈ G′+ such that K = f ~ |Pn(G′+). The functional
〈f | qn〉 := (Kqn)(0), qn ∈ np G+
is required. In fact, putting⊗n Ttqn instead of qn, we obtain
(f ~ qn)(s) = 〈f (t) | ⊗n Ttqn(s)〉 = 〈f (t) | ⊗n Tsqn(t)〉
= [K(⊗n Tsqn)] (0) = Kqn(s) with s ∈ Rd+.
Using an arbitrariness of n, we conclude that a codomain of the matrix diagonal algebraic homomorphism K =[{
Kn : n = k
0 : n 6= k
]
n,k∈Z+
coincides with the commutant [[0(T ′+)]]Γ of the group 0(T ′+) =
[{⊗n Tt : n = k
0 : n 6= k
]
n,k∈Z+
. From
construction of each mapping Kn it follows that they are nuclear [7]. Hence, K is continuous and has a closed codomain,
since it coincideswith the commutant. Therefore, the openmapping Banach theorem implies thatK is a topological algebraic
isomorphism.
Finally, since
(∂lδ ∗ f ) ∗ q = ∂lf ∗ q = f ∗ ∂lq = f ∗ (∂lδ ∗ q),
for any polynomial q ∈ P(G′+)we have
d0(∂ ′l )(f ~ q) = ∂lδ ~ (f ~ q) = (∂lδ ∗ f ) ~ q
= [d0(∂l)f ] ~ q = f ~ (∂lδ ∗ q) = f ~ d0(∂ ′l )q
and the theorem is proved completely. 
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5. A polynomially extended Laplace transformation
According to the Paley–Wiener theorem the Fourier transformation
ϕ̂(ζ ) := (Fϕ)(ζ ) =
∫
e−i(t,ζ )ϕ(t)dt with ϕ ∈ G(Rd), ζ ∈ Cd, t ∈ Rd,
is a topological isomorphism F :G(Rd) 7−→ Ĝ(Cd) onto a space Ĝ(Cd) of entire analytic functions endowed for simplicity
with the inductive LC topology, generated by F . Here (·, ·) denotes the scalar product in Cd. Let
Ĝ+ := Ĝ(Cd)/F
[[G′(Rd+)]⊥]
stand for the corresponding LC factor space. For the strong duals the appropriate adjoint transformation F ′: Ĝ′(Cd) 7−→
G′(Rd) is defined. The codomain
Ĝ′+ := F ′−1(G′+) of the subspace G′+ ⊂ G′(Rd)
with respect to the inverse mapping F ′−1:G′(Rd) 3 f 7−→ f̂ ∈ Ĝ′(Cd) is closed in the dual Ĝ′(Cd). The mappings F ′ and F ′−1
are continuous with respect to the appropriate strong topologies. It follows that Ĝ′+ is a nuclear (F) space. The space Ĝ′+ is
a multiplicative topological algebra with the unit⊗d δ̂, since
(̂f ∗ g) = f̂ · ĝ, f , g ∈ G′+.
A generalized Laplace transformation can be defined as
F ′+:G
′
+ 3 f 7−→ f̂ ∈ Ĝ′+, F ′+ := F ′−1|G′+ . (5)
Any element of Ĝ+ can be interpreted, as the Laplace transform ϕ̂ = F ′+(ϕ) of regular ultradistribution
ϕ := Θ(ϕ) ∈ G′+ with ϕ ∈ G(Rd).
Therefore, the Laplace transformation of G+ = G(Rd)/[G′(Rd+)]⊥ is a restriction of F ′+. From duality arguments it follows
that the topological surjective isomorphism
F+:G+ 3 ϕ 7−→ ϕ̂ ∈ Ĝ+, F+ := F ′+|G+
is true and has the form (below ζ = (ζ1, . . . , ζd))
ϕ̂(ζ ) =
∫
Rd+
e−i(t,ζ )ϕ(t)dt with ϕ ∈ G+, Im ζ1 ≤ 0, . . . , Im ζd ≤ 0.
Function ϕ̂(ζ ) is analytic in a tube complex domain [14]. It is not difficult to calculate that
∂̂lϕ(ζ ) = ζlϕ̂(ζ )− ϕ(0), ϕ ∈ G+.
It also follows that Ĝ+ is a nuclear (DF) space.
Applying Proposition 2.1 we can extend the generalized Laplace transformation (5) onto the algebra P ′(G′+) as follows.
Proposition 5.1. The commutative diagrams
Pn(G+)
F ′n−−−−→ Pn(Ĝ+)
Υ
G′+
n
∥∥∥ Υ Ĝ′+n ∥∥∥
npG′+
⊗nF ′+−−−−→ npĜ′+
,
P ′(G′+)
F ′+−−−−→ P ′(Ĝ′+)
ΥG′+
∥∥∥ ΥĜ′+∥∥∥
×
n∈Z+
(npG′+)
0(F ′+)−−−−→ ×
n∈Z+
(npĜ′+),
in homogeneous and general cases respectively, uniquely define the polynomial extension
F ′+:P
′(G′+) 3 P = n∈Z+Pn 7−→ P̂ := n∈Z+F ′n(Pn) ∈ P ′(Ĝ′+), Pn ∈ Pn(G+)
of the generalized Laplace transformation F ′+. Let us note that F ′+ has the matrix diagonal form
F ′+ =
[{
F ′n : n = k
0 : n 6= k
]
n,k∈Z+
∈ LΓ
[
P ′(G′+),P
′(Ĝ′+)
]
:= L [P ′(G′+),P ′(Ĝ′+)]⋂[{L [Pn(G+),Pn(Ĝ+)] : n = k0 : n 6= k
]
n,k∈Z+
withF ′n ∈ L [Pn(G+),Pn(Ĝ+)]. Moreover,F ′+ is invariant with respect to the polynomial multiplication and acts as an algebraic
surjective topological isomorphism from P ′(G′+) onto P ′(Ĝ′+).
Note that the assertion about algebraic isomorphism is a direct consequence of the previous diagrams and Proposition 2.3.
O. Lopushansky, S. Sharyn / Topology 48 (2009) 80–90 89
Propositions 2.1 and 2.4 imply that the restrictions
F+ := F ′+|P (G′+), 0(F+) := 0(F ′+)|P(G′+)
to the dense subalgebras P (G′+) ⊂ P ′(G′+) and P(G′+) ⊂ P′(G′+), respectively, act as the algebraic isomorphisms
F+:P (G′+) 3 Q =
∑
n∈Z+
Qn −→ Q̂ :=
∑
n∈Z+
Fn(Qn) ∈ P (Ĝ′+), Qn ∈ Pn(G′+)
0(F+): P(G′+) 3 q =
∑
n∈Z+
qn −→ q̂ :=
∑
n∈Z+
q̂n ∈ P(Ĝ′+), qn ∈ Pn(G′+)
with Fn := F ′n |Pn(G′+), q̂n := ⊗n Fn(qn) and the following dualities〈̂
P | Q̂ 〉 = 〈P | Q 〉 , 〈̂p | q̂〉 = 〈p | q〉
are true.
The next corollary follows from Proposition 5.1 and Theorem 3.1.
Corollary 5.2. The family 0(T̂ ′+):Rd+ 3 t 7−→ 0(T̂ ′t ) ∈ LΓ [P(Ĝ′+)] acting as
0(T̂ ′t )̂qn := ⊗n F+
[
(⊗n Tt)qn
]
, 0(T̂ ′t )̂q =
∑
n∈Z+
0(T̂ ′t )̂qn
for any q = ∑n∈Z+ qn ∈ P(G′+) with qn ∈ np G+ is an equicontinuous C0-semigroup of automorphisms on P(Ĝ′+) with the
generators
d0(∂̂ ′l ) =


n∑
j=1
n
j ∂̂l : n = k
0 : n 6= k

n,k∈Z+
∈ LΓ
[
P(Ĝ′+)
]
,
where nj ∂̂l := ⊗j−1 1̂+ ⊗ ∂̂l⊗n−j 1̂+, l = 1, . . . , d and 1̂+ denotes the identity operator inL (Ĝ+).
Now for any f ∈ G′+ we can uniquely define a linear operator
(̂K̂f )̂q := f̂ ~ q ∈ P(Ĝ′+), f ~ q =
〈
f | 0(T ′+)q
〉 ∈ P(G′+), q ∈ P(G′+),
generated by the polynomially extended Laplace transformation and the cross-correlation.
Proposition 5.3. The operator K̂ is an algebraic topological isomorphism from themultiplicative algebra Ĝ′+ onto the commutant
[[0(T̂ ′+)]]Γ of the group 0(T̂ ′+) on P(Ĝ′+) and possesses the following properties:
K̂̂δ is the unit inLΓ
[
P(Ĝ′+)
]
and ∂̂lδ 7−→ d0(∂̂ ′l ), l = 1, . . . , d,
f̂ · ĝ 7−→ (̂K̂f ) ◦ (̂K̂g) for all f̂ , ĝ ∈ Ĝ′+,
where ◦ denotes the composition inLΓ [P(Ĝ′+)].
Proof. The statement is a corollary of Theorem 4.1 and Corollary 5.2. 
Remark 5.4. Note that, the following commutative diagram
G′+
K−−−−→ [[0(T ′+)]]Γ
F ′+
y y
Ĝ
′
+
K̂−−−−→
[[
0(T̂ ′+)
]]
Γ
defines a topological algebraic isomorphism of the corresponding commutants.
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